An asymptotic analysis of the energy functional of a fiber-reinforced composite beam with a periodic microstructure in its cross section is performed. From this analysis the asymptotically exact energy as well as the 1-D beam theory of first order is derived. The effective stiffnesses of the beam are calculated in the most general case from the numerical solution of the cell and homogenized cross-sectional problems.
Introduction
Fibre reinforced composite (FRC) beams are widely used in civil, mechanical, and aerospace engineering due to their low weight, high strength, and good damping properties (10; 9; 19) . The exact treatment of FRC beams within the 3D elasticity is only possible in a few exceptional cases due to their complicated microstructure (see e.g. (23; 25) and the references therein). For this reason, different approaches have been developed depending on the type of beams. If FRC beams are thick, no exact one-dimensional theory can be constructed, so only the numerical methods or approximate semi-analytical methods applied to three-dimensional elasticity theory make sense. However, if the FRC beams are thin, the reduction from the three-dimensional to the one-dimensional theory is possible. This dimension reduction can be made asymptotically exact in the limit when the thickness-to-length ratio of the beam goes to zero. The rigorous derivation of the asymptotically exact onedimensional beam theory based on the variational-asymptotic method (VAM) developed by Berdichevsky (3) was first performed in (4) . His asymptotic analysis shows that the static (or dynamic) three-dimensional problem of the beam can be split into two problems: (i) the two-dimensional cross-sectional problem and (ii) the one-dimensional variational problem whose energy functional should be found from the solution of the cross-sectional problem. The latter has been solved both for anisotropic homogeneous beams and for inhomogeneous beams with the constant Poisson's ratio (4) . In addition to these findings, Berdichevsky (4) has shown that the average energy as well as the extension and bending stiffnesses of FRC beams with piecewise constant Poisson's ratio must be larger than those of FRC beams with constant Poisson's ratio (see also (22) ). However, to our knowledge, the question of how the corrections in energy and stiffnesses depend on the difference in Poisson's ratio of fibers and matrix of FRC beams remains still an issue. It should be noted that VAM has been further developed in connection with the numerical analysis of cross-sectional problems for geometrically nonlinear composite beams by Hodges, Yu and colleagues in a series of papers (11; 27; 28; 29) . Note also that VAM has been used, among others, to derive the 2D theory of homogeneous piezoelectric shells (13) , the 2D theory of purely elastic anisotropic and inhomogeneous shells (5) , the 2D theory of purely elastic sandwich plates and shells (6; 7), the theory of smart beams (24) , the theory of low and high frequency vibrations of laminate composite shells (17; 18) , and more recently, the theory of smart sandwich and functionally graded shells (15; 16) .
For FRC beams that have the periodic microstructure in the cross section, an additional small parameter appears in the cross-sectional problems: The ratio between the length of the periodic cell and the characteristic size of the cross section. This allows an additional asymptotic analysis of the cross-sectional problems to simplify them. By solving the cell problems imposed with the periodic boundary conditions according to the homogenization technique (8; 21), one finds the effective coefficients in the homogenized cross-sectional problems, which can then be solved analytically or numerically. The aim of this paper is to derive and solve the cell and homogenized cross-sectional problems for unidirectional FRC beams whose cross section has the periodic microstructure with piecewise constant Poisson's ratio. The solution of the cell problems found with the finite element method is used to calculate the asymptotically exact energy and the strain and bending stiffnesses in the 1-D theory of FRC beams. Thus, we determine the dependence of the latter quantities on the shape and volume fraction of the fibers and on the difference in Poisson's ratio of fibers and matrix that solves the above mentioned issue.
The paper is organized as follows. After this short introduction the variational formulation of the problem is given in Section 2. Sections 3 and 4 are devoted to the multi-scaled asymptotic analysis of the energy functional of FRC beams leading to the cross-sectional and cell problems. In Section 5 the cell problems are solved by the finite element method. Section 6 provides the solutions of the homogenized cross-sectional problems. Section 7 present one-dimensional theory of FRC beams. Finally, Section 8 concludes the paper.
Variational formulation for FRC beams
x 1 x 2
Figure 1: A cross section of a FRC beam
Consider a FRC beam that occupies the domain B = A × (0, L) of the 3-D euclidean space in its undeformed state. Let x 3 ≡ x be the coordinate along the beam axis. The cross section of the beam in the (x 1 , x 2 )-plane, A, consist of two separated 2-D sub-domains A m and A f such that the matrix occupies the domain A m × (0, L), while the uni-directional fibers occupy the domain A f × (0, L). We choose the origin of the (x 1 , x 2 )-coordinates so that it matches the centroid of A. We assume that the fibers are periodically situated in the matrix and the bond between the fibers and the matrix is perfect (see Fig. 1 representing the cross section of the beam where A f is the set of gray circles). We first consider the beam in equilibrium, whose deformation is completely determined by the displacement field u(x). Let, for simplicity, the edge x = 0 of the beam be clamped, while at the other edge x = L of the beam the traction t(x 1 , x 2 ) be specified. Gibbs' variational principle (5) states that the true displacementǔ(x) minimizes the energy functional
among all admissible displacements u(x) satisfying the boundary conditions
Here, d 3 x = dx 1 dx 2 dx is the volume element, d 2 x = dx 1 dx 2 the area element, and the dot denotes the scalar product. Function W (x, ε), called stored energy density, reads
where ε is the strain tensor
The problem is to replace the three-dimensional energy functional by an approximate one-dimensional energy functional for a thin FRC beam, whose functions depend only on the longitudinal co-ordinate x. The possibility of reduction of the three-to the one-dimensional functional is related to the smallness of two parameters: (i) the ratio between the thickness h of the cross section and the length L of the beam, and (ii) the ratio between the size c of the periodic cell and h. By using the variational-asymptotic method, the one-dimensional energy functional will be constructed below in which terms of the order h/L and = c/h are neglected as compared with unity (the first-order or "classical" approximation). Formally, this corresponds to the limits h → 0 and → 0.
In order to perform the variational-asymptotic analysis, it is convenient to use the index notation, with Greek indices running from 1 to 2 and denoting the component of vectors and tensors in the (x 1 , x 2 )-plane. Summation over repeated Greek indices is understood. Index 3 of the coordinate x 3 , the displacement u 3 , and the traction t 3 is dropped for short. To fix the domain of the transverse co-ordinates in the passage to the limit h → 0, we introduce the dimensionless co-ordinates
and transform the energy functional of the beam to
The transverse coordinates y α play the role of the "fast" variables as opposed to the slow variable x. Regarding u as function of y α and x, we separate the fast variables from the slow one. Now h enters the action functional explicitly through the components of the strain tensor ε
Here and below, the semicolon preceding Greek indices denotes the derivatives with respect to y α , while the parentheses surrounding a pair of indices the symmetrization operation.
Besides y α there are also much faster variables
associated with the periodicity of the elastic moduli of this composite materials in the transverse directions leading to the fast oscillation of the stress and strain fields in these directions. In order to characterize these faster changes of the stress and strain fields in the transverse directions we will assume that the displacement field u is a composite function of y and x such that
where y, z are two-dimensional vectors with the components y α , z α , respectively, and where u(y, z, x) is a doubly periodic function in z with the period 1. This is a typical multi-scale Ansatz to composite structures. The asymptotic analysis must therefore be performed twice, first in the limit h → 0 to realize the dimension reduction, and then in the limit → 0 to homogenize the cross-sectional problems and solve them.
Dimension reduction
Before starting the asymptotic analysis of the energy functional in the limit h → 0 let us transform the stored energy density to another form more convenient for this purpose (14) . We note that, among terms of W (z, ε), the derivatives w (α;β) /h in ε αβ and w ;α /h in ε α3 are the main ones in the asymptotic sense. Therefore it is convenient to single out the components ε αβ and ε α3 in the stored energy density. We represent the latter as the sum of three quadratic forms W , W ∠ , and W ⊥ according to
The "longitudinal" energy density W depends only on ε 33 and coincides with W when the stresses σ αβ and σ α3 vanish; the "shear" energy density W ∠ depends only on α3 ; the remaining part W ⊥ is called the "transverse" energy density. From the definitions of W , W ∠ and W ⊥ one easily finds out that
where E is the Young modulus and ν = λ/2(λ + µ) the Poisson ratio. Note that E, ν as well as Lame's constants λ, µ are doubly periodic functions of the fast variables z. Note also the following identities
We could start the variational-asymptotic analysis in the limit h → 0 with the determination of the set N according to its general scheme (14) . As a result, it would turn out that, at the first step, the function u does not depend on the transverse co-ordinates y (and z): u = v(x); at the second step the function u becomes a linear function of y and involves one more degree of freedom ϕ(x) representing the twist angle; and at the next step u is completely determined through u and ϕ. Thus, the set N according to the variational-asymptotic scheme consists of functions v(x) and ϕ(x). We will pass over these long, but otherwise standard, deliberations and make a change of unknown functions according to
where e αβ are the two-dimensional permutation symbols (e 11 = e 22 = 0, e 12 = −e 21 = 1). By redefining v(x) and ϕ(x) if necessary we can impose on functions w α and w the following constraints
According to these constraints v α (x) and v(x) describe the mean displacements of the beam, while ϕ(x) corresponds to the mean rotation of its cross section. Equations (4) and (5) set up a one-to-one correspondence between u α , u and the set of functions v α , v, ϕ, w α , w and determine the change in the unknown functions
Based on the Saint-Venant principle for elastic beams, we may assume that the domain occupied by the beam consists of the inner domain and two boundary layers near the edges of the beam with width of the order h where the stress and strain states are essentially three-dimensional. Then functional (2) can be decomposed into the sum of two functionals, an inner one for which an iteration process will be applied, and a boundary layer functional. When searching for w α and w the boundary layer functional can be neglected in the first-order approximation. Therefore, the dimension reduction problem reduces to finding the minimizerw α andw of the inner functional that, in the limit h → 0, can be identified with the functional (2) without the last term.
We now fix v α , v, ϕ and seek w α , w. Substituting (4) into the action functional (2) with the last term being removed, we will keep in it the asymptotically principal terms containing w α , w and neglect all other terms. The estimations based on Eqs. (3) and (4) lead to the asymptotic formulas
where γ, Ω α , and Ω are the measures of elongation, bending, and twist defined by
According to equations (6) the partial derivatives of w α , w with respect to x do not enter the energy functional. As x becomes the formal parameter, we may drop the integral over x and reduce the determination of w α , w to the uncoupled minimization problems for every fixed x of the functionals
The minima are searched among all admissible functions w α , w satisfying the constraints (5) . Functionals (7) and (8) represent the transverse and shear strain energies, integrated over the cross section of the beam. They are positive definite and convex, so the existence of their minimizersw α ,w is guaranteed. We shall see in the next Sections that the minimum of (7) is equal to zero if ν is equal for both matrix and fiber, while that of (8) is equal to 1/2CΩ 2 , with C the torsional rigidity.
Homogenization
Consider now the other limit → 0. In this limit y plays the role of the "slow" variable, while z = y/ becomes the fast variable. We start with the cross-sectional problem of minimizing functional (8) among w(y, z, x) satisfying the constraint (5) 3 , where µ(z), expressed in terms of the fast variable z = y/ , is a doubly periodic function with period 1. Since x is fixed in this cross-sectional problem, we shall drop this formal variable of w in this Section. Following the homogenization technique based also on the variational-asymptotic method (5), we look for the minimizer in the form
where χ(z) is a doubly periodic function with period 1. Note that χ may depend on the slow variable y, but this dependency is suppressed for short. In addition to the constraint (5) 3 we may impose the following constraint on
where C = (0, 1) × (0, 1) is the unit periodic cell. In this case ψ(y) can be interpreted as the average value of w(y, z) over the cell. Although the second term in (9) is small compared to ψ(y) and goes to zero in the limit → 0, it contribution to the shear strains as the gradient of w(y, z) has the same order as the gradient of ψ(y) as seen from the asymptotic formula
Here, the vertical bar followed by an index α denotes the partial derivative with respect to the corresponding fast variable z α . Inserting (11) into the energy functional (8), we get
with ξ α = ψ ;α − hΩe αβ y β being the function of the "slow" variable y. We replace the double integral . by the sum of double integrals over the cells. Then
where N is the total number of cells and C n is the cell ((i − 1) , i ) × ((j − 1) , j ). We minimize this functional in two steps: (i) Fix ψ(y) and minimize the functional among doubly periodic χ(y/ ), (ii) Minimize the obtained functional among ψ(y). Because χ(y/ ) is doubly periodic with respect to y, we can minimize each integral in the sum independently. Besides, as ξ α (y) change slowly in one cell, we may regard them in each cell integral as constants equal to their value in the middle of the cell. It is convenient to change the variable y in the cell integrals to z = y/ − (i − 1, j − 1). Then the minimization of cell integrals reduces to the following cell problem: Minimize the functional
among doubly periodic functions χ(z) satisfying the constraint (10), where, as before, . is the double integral in z over the unit cell. We denote the obtained minimum byW ∠ (ξ α ) and call it the average shear energy density. Then, replacing the sum in (12) by the integral in the limit → 0, we arrive at the following homogenized cross-sectional problem: Minimize the average functionalĪ
among ψ(y) satisfying the condition ψ = 0.
The standard calculus of variations shows that the minimizer of (13) satisfies the equation
in the unit cell, where ξ can be regarded as the constant vector in the cell (since it does not depend on the fast variable z). This equation is subjected to the periodic boundary condition and the constraint (10) . Besides, as the shear modulus suffers a jump at the boundary ∂ i between the fiber and the matrix, the continuity of the traction
should be fulfilled at this internal boundary ∂ i , where ν is the unit normal vector outward to the fiber and [[.]] denotes the jump.
After finding the minimizerχ(z) as a solution to the boundary-value problem (15)-(16), we substitute it back into functional (13) to calculate the average shear energy densitȳ
As the minimizerχ satisfies (15)- (16) , the first integral must vanish. Using the constancy of ξ α , we reduce the second integral tō
The integrand is the shear stress σ 3α , so the integral gives the average shear stressσ 3α . On the other side, due to the constraint (10),
so ξ α is the average engineering shear strainε 3α . We define the effective elastic shear moduli µ * αβ by the linear equation
Note that the homogenized material must not necessarily be isotropic even if the components of the composite are. So, in general µ * αβ is a tensor of second order. With this we get the average shear energy density in terms of ξ α = ψ ;α − hΩe αβ y βW
We want to show that the tensor µ * αβ in (18) is symmetric. Indeed, sincē W ∠ (ξ α ) in (19) is a quadratic form, we can replace µ * αβ there by the symmetric tensor µ * (αβ) = 1 2 (µ * αβ + µ * βα ). If we substitute (19) into (17) and differentiate it with respect to ξ α , we get
which proves the symmetry of µ * αβ . We turn now to the cross-sectional problem (7) . Before doing the asymptotic analysis for it in the limit → 0 let us prove the following remarkable property: The minimum of functional (7) is zero if the Poisson ratio ν is an equal constant for both fiber and matrix (4) . Indeed, let us choose the minimizer in the form
where |Ā| is the area ofĀ and
Note that the tensor a αβγ is symmetric with the last two indices, anď
Due to our choice of the origin, y α = 0. Therefore the field (20) satisfies the constraints (5) 1,2 . It is easy to check that the transverse energy evaluated atw α vanishes identically. Since functional (7) is non-negative definite, its minimum is obviously zero in this case. The asymptotic analysis of problem (7) for changeable ν is quite similar to that of problem (8) . In this case the minimizer is sought in the form
where χ α satisfy the constraints
To determine χ α we need to solve the following cell problem: Minimize the functional
among doubly periodic functions χ α (z) satisfying the constraint (21), wherē
Note that this problem is quite similar to the problem of determining the effective thermal expansion of composite material with periodic microstructure, where ξ plays the role of the temperature increase (26) . Let the minimum of functional (22) beW ⊥ (ε αβ , ξ). Then the determination of ψ α reduces to minimizing the following average functional
among ψ α (y) satisfying the constraints ψ α = 0, e αβ ψ α;β = 0.
The minimizer of functional (22) satisfy the equilibrium equations [λ(z)(χ β|β +ε ββ + ξ)] |α + [2µ(z)(χ (α|β) +ε αβ )] |β = 0 in the unit cell, whereε αβ and ξ can be regarded as the constant tensor and scalar in the cell (since they do not depend on the fast variable z). These equations are subjected to the periodic boundary conditions and the constraints (21) . Besides, as the elastic moduli suffers jumps at the boundary ∂ i between the fiber and the matrix, the continuity of the traction
should be fulfilled there. Since the functional (22) is quadratic, its minimum must be a quadratic form ofε αβ and ξ
Using the same arguments as in the previous case, we can prove the following symmetry properties of the effective moduli
We also introduce the effective tensor of Poisson's ratios by
αβγδ is the tensor of elastic compliances defined by
It is easy to see that ν αβ is symmetric.
Numerical solution of the cell problems
It is convenient to rewrite functional (22) by changing the sign of χ α (y)
where
The minimizer of functional (26) satisfies the variational equation
for all doubly periodic functions δχ α . Eq. (27) will be solved by the finite element method (12; 1). For this purpose it is convenient to change from tensor notation to matrix notation (12) , in which Eq. (27) becomes
where ψ = δχ, ε(χ) is the strain vector given by
The discretization of this equation based on the bilinear isoparametric elements is standard. The periodic boundary conditions are imposed by identifying the nodes on opposite sides of the unit cell. This is implemented by using the matrix edofMat for a full, regular grid to index into a periodic version of the grid (1). The global stiffness matrix is
where A is the assembly operator taken over the total number N of finite elements. The matrix B e is the element strain-displacement matrix, A e is the domain of element e, and C e is the constitutive matrix for the element. The indicator matrix is introduced that specifies whether the element is in A m (n e = 1) or in A f (n e = 2). The piecewise constant C(z) from (29) takes value C e in the element in accordance with this indicator matrix. The discretization of the right hand side of (28) yields the loads f (i)
which correspond to the average macroscopic strains
and
which correspond to ξ = 1, with α e being the constitutive vector from (29) that takes values in the element in accordance with the indicator matrix. The displacement fields are computed by solving the corresponding linear equations with four load-cases
When the displacements are obtained, the elements of the effective matrix C * are found as:
are the three displacement fields corresponding to the unit strains from (30) , and χ (i) e contains three columns corresponding to the three displacement fields resulting from globally enforcing the unit strains (30) . The indices in parentheses refer to the column number. The components of the effective moduli D * i (D * αβ ) due to ξ are computed according to
Having D * i we can also compute the effective "Poisson" ratios ν * i (ν * αβ ) as follows
Finally, the effective coefficient F * is given by
(α e − B e χ (4) e ) T C e (α e − B e χ (4) e ) d 2 z .
The Matlab-code homogenizecs.m to solve the cell problem and compute the effective moduli which is a modification of the code homogenize.m written by Andreasen (1) is presented in the Appendix. For the FRC bar it will be shown in the next Section that the minimum of functional (23) is 1 2 (F * − ν * αβ C * αβγδ ν * γδ )h 2 ξ 2 . Therefore it makes sense to investigate the quantity H * = F * − ν * αβ C * αβγδ ν * γδ giving the correction to the stiffnesses on extension and bending. We take the microstructure of the composite in such a way that the cross sections of the fibers are ellipses of half-axes r and r/a placed in the middle of the unit quadratic periodic cells. Then the region occupied by one fiber in the unit cell is given by the equation
Note that for the circle with a = 1 the effective Poisson ratio tensor is ν * αβ = ν * δ αβ , however this property is no longer valid for ellipses with a > 1. Assigning the index 1 to the matrix and index 2 to the fiber, we choose the Young moduli and Poisson ratios as follows: E 1 = 1 GPa, E 2 = 2 GPa, ν 1 = 0.1, ν 2 = 0.4. The plot of H * as function of the largest half-axis r for four different aspect ratios of the ellipses a = 1, 2, 4, 8 is presented in Fig. 2 . We see that the correction H * varies in the range (0, 0.03) GPa which is not so large compared with the mean value of the Young moduli. Since the volume fraction of the fibers is s 2 = πr 2 /a, we can also plot H * as function of this volume fraction.
Let us now fix the largest half-axis of elliptical cross section of the fibers to be r = 0.4, choose E 1 = 1 GPa, E 2 = 2 GPa, ν 1 = 0.3, vary the Poisson ratio of the fiber ν 2 in its admissible range between −1 and 0.5, and plot H * as function of ν 2 . Looking at this plot shown in Fig. 3 we see that the larger the difference between the Poisson ratios, the larger is the correction H * . For ν 2 = 0.3 the correction H * vanishes as expected. For ν 2 near −1 which is not unrealistic (20) the correction is more than one third of the mean Young modulus which can no longer be neglected.
The solution of the cell problem (13) by the finite element method is quite similar. Its solution can be obtained from the previous problem if we put λ(z) = 0. Below we present the numerical solution for the fibers with circular cross sections periodically embedded in the matrix. The unit cell is a square of length 1 with the circle of radius r in the middle representing the cross section of the fiber. In this case the effective tensor is µ * αβ = µ * δ αβ . The plot of µ * as function of s 2 = πr 2 is presented in Fig. 4 . For the numerical simulation we choose µ 1 = 1 GPa, µ 2 = 2 GPa. 
Solution of the homogenized cross-sectional problems
Let us first consider the homogenized cross-sectional problem (23) with the average transverse energy being given by (25) . It is convenient to present the latter formula in the form
where ξ = γ + hΩ α y α . Note that the second term in (32) does not depend on ψ α (y), so we need to minimize functional (23) that contains just the first term. We want to show that the minimum of the functional (23) that contains just the first term among ψ α (y) satisfying the constraints (24) is equal to zero. Indeed, following the same line of reasoning as in Section 4 we choose the minimizer in the form
. It is easy to check thatψ α satisfy the constraints (24) and that the first term evaluated at these functions vanishes identically, so min ψα(y)∈(24)Ī
Adding the average longitudinal energy density h 2 W = 1 2Ē ξ 2 to this average transverse energy density and integrating ξ 2 = (γ + hΩ α y α ) 2 over the cross section, we find the final energy density of extension and bending of FRC beam in the form
Thus, H * is the correction to the stiffnesses on extension and bending of FRC beam. To see how this correction changes the stiffnesses on extension and bending of FRC beam we plot bothĒ andĒ + H * as function of the volume fraction of fibers with circular cross sections placed in the middle of the quadratic periodic cell (see Fig. 5 ). The chosen elastic moduli are: E 1 = 1 GPa, E 2 = 2 GPa, ν 1 = 0.1, ν 2 = 0.4. The correction is about 3 percent ofĒ in this case. Note that this correction becomes one third ofĒ if ν 2 is near −1. We now turn to the minimization problem (14) . First of all it is easy to see that the constraint ψ = 0 does not affect the minimum value of (14) , because the latter is invariant with respect to the change of unknown function ψ → ψ + c, with c being a constant. By such the change one can always achieve the fulfillment of the constraint ψ = 0. The minimizerψ of I ∠ is proportional to hΩ. Therefore the torsional rigidity C can be calculated by
whereψ = ψ/hΩ. The solution to this problem is well-known for the elliptical and rectangular cross sections (14) . For the FRC beam with the elliptical cross section described by the equation
where c αβ are the components of a positive definite symmetric second-rank tensor, the torsional rigidity reads
where I µτ = h 4 y µ y τ are the moments of inertia of the cross section.
In the co-ordinate system associated with the principal axes of the ellipse
, c 12 = 0,
where b 1 , b 2 are the half-lengths of the major and minor axes. Substituting these formulas into (34) we get finally
where (I −1 ) αβ is a tensor inverse to I αβ .
It is easy to see that (34) is also the solution to the problem (33) for a hollow elliptical cross section
Similar calculations give
For the rectangular cross section of width a and height 1, where a < 1, the solution is found in form of an infinite series (14) . The torsional rigidity is given by the formula
tanh(π(2n + 1)/2a) (2n + 1) 5 .
For other cross sections the problem (33) can be solved by the finite element method.
1-D beam theory
Summarizing the results obtained in Sections 3-6, we can now reduce the 3-D problem of equilibrium of the FRC beam to the following 1-D variational problem: Minimize the energy functional 
Using the technique of Gamma-convergence (8; 21), one can prove that the solution of (35)-(36) converges to the minimizer of (1) in the energetic norm as h/L → 0 and = c/h → 0.
It is easy to extend this one-dimensional theory to the dynamics of FRC beam, where functions v and ϕ depend on x and t. One need just to include into the one-dimensional functional the kinetic energy density which, after the dimension reduction and homogenization in accordance with (4), takes the form Θ = 1 2ρ (|A|v ·v + I ααφ 2 ), (37) withρ = ρ = s 1 ρ 1 + s 2 ρ 2 being the mass density averaged over the unit cell. Hamilton's variational principle for 1-D beam theory states that, among all admissible functions v(x, t) and ϕ(x, t) satisfying the initial and end conditions as well as the kinematic boundary conditions, the true displacemenť v and rotationφ are the extremal of the action functional
The Euler equations becomē ρ|A|v = T ,x ,ρ|A|v α = M α,xx ,ρI ααφ = M ,x .
These equations are subjected to the boundary conditions (37) and the initial conditions. Similar to the static case, it can be proved that the solution of this 1-D dynamic theory converges to the solution of the 3-D theory in the limits h/L → 0 and = c/h → 0 and for low frequency vibrations (14) .
Conclusion
It is shown in this paper that the rigorous first order approximate 1-D theory of thin FRC beams can be derived from the exact 3-D elasticity theory by the variational-asymptotic method. The developed finite element code can be used to solve cross-sectional problems with arbitrary elastic moduli of the fibers and matrix as well as arbitrary distributions and shapes of fibers. The extension of this multi-scaled asymptotic analysis to curved and naturally twisted FRC beams is straightforward (14) . As seen from (14), the extension, bending, and torsion modes of beams are coupled in that case. The VAM combined with the finite element cross-sectional analysis can also be applied to the nonlinear FRC beams with periodic microstructure in the spirit of (27; 28; 30) . Finally, let us mention the FRC beams with randomly distributed fibers under torsion analyzed in (2) . The analysis of extension and bending of such beams requires the solution of the plane strain problem which is quite challenging.
